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Abstract
In this paper, we consider the initial-boundary value problem of a semilinear parabolic
equation with local and non-local (localized) reactions in a ball: ut = u + up + uq(x∗, t) in
B(R) where p, q > 0, B(R) = {x ∈ RN : |x|<R} and x∗ 	= 0. If max(p, q)> 1, there exist
blow-up solutions of this problem for large initial data. We treat the radially symmetric and
one peak non-negative solution u(x, t)=u(r, t) (r =|x|) of this problem. We give the complete
classiﬁcation of total blow-up phenomena and single point blow-up phenomena according to p
and q.
(i) If q <p (p> 1) or p = q > 2, then single point blow-up occurs whenever solutions blow
up.
(ii) If 1<p<q, both phenomena, total blow-up and single point blow-up, occur depending on
the initial data.
(iii) If p1<q, total blow-up occurs whenever solutions blow up.
(iv) If max(p, q)1, every solution exists globally in time.
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1. Introduction
Let  be a bounded domain in RN with smooth boundary . We consider the
initial-boundary value problem of semilinear parabolic equations with both local and
non-local (localized) reaction terms:
ut = u+ up + uq(x∗, t), (x, t) ∈ × (0, T ), (1.1)
u(x, t) = 0, (x, t) ∈ × (0, T ), (1.2)
u(x, 0) = u0(x), x ∈ , (1.3)
where p, q > 0 and x∗ ∈ .
Throughout this paper, we assume that
(A1) u0 ∈ C(¯), u0(x)0 (x ∈ ) and u0(x) = 0 (x ∈ ).
When  = B(R) = {x ∈ RN : |x| < R}, we sometimes assume
(A2)
{
u0 is radially symmetric, u0(x) = u0(r) (r = |x|),
u0(r) is non-increasing for r ∈ [0, R].
Under the assumption (A1), we can show the local (in time) existence and unique-
ness of classical non-negative solutions of (1.1)–(1.3) if min(p, q)1 (see [3,23]).
If min(p, q) < 1, the existence of a unique maximal solution of (1.1)–(1.3) can be
proved (see [9,23]). We mean that u is a maximal solution of (1.1)–(1.3) if u is a
solution of (1.1)–(1.3) which satisﬁes u(x, t)v(x, t) in ¯× [0, T ) for any solution v
of (1.1)–(1.3).
Moreover, if max(p, q) > 1 and u0(x) is sufﬁciently large, we can prove that a
solution (a maximal solutions) of (1.1)–(1.3) blows up in a ﬁnite time, that is, if T
is the existence time of u, then T < ∞ and lim
t→T ‖u(·, t)‖L∞() = ∞, using the
comparison theorem and the existence theorem of local solutions (see [3,23]). We call
T the blow-up time of u.
We here deﬁne, for a blow-up solution u of (1.1)–(1.3),
S = {x ∈ B(R) : there exists a sequence (xn, tn) ∈ B(R)× (0, T )
such that xn → x, tn ↗ T and u(xn, tn)→∞ as n→∞},
where T (> 0) is the blow-up time.
S is called “the blow-up set” of u and each x of S is called “a blow-up point” of u.
When S = ¯, we call this phenomena “total blow-up” and when the blow-up point
in ¯ is only one point, we call this “single point blow-up”.
Many authors have studied the blow-up solutions of the initial-boundary value prob-
lem of semilinear parabolic equations of the form
ut = u+ up, (x, t) ∈ × (0, T ) (1.4)
with the Dirichlet boundary condition (1.2) and the initial condition (1.3), where p > 1.
In 1984, Weissler [28] ﬁrst obtained single point blow-up phenomena under the tight
condition and in space one-dimensional case. Friedman–McLeod [7] and Fujita–Chen
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[4,8] improved his results to N -dimensional case under more general conditions. Let u
be a blow-up solution of (1.4), (1.2) and (1.3) with  = B(R). They showed that the
blow-up point is only the origin, namely, S = {0} under the assumption (A1)–(A2).
Fujita–Chen [4,8] also treated the Neumann problem and the Robin problem of (1.4).
There have been lots of studies on the asymptotic behavior of a blow-up solution of
(1.4) since their works. See Giga–Kohn [12–14], Filippas–Kohn [6], Herrero–Velázquez
[15–18], Merle–Zaag [19,20], Velázquez [26,27] and so on. For detailed information,
refer to the review articles [5,11].
On the other hand, several authors treated the initial-boundary value problem with
the localized reaction term:
ut = u+ uq(x∗(t), t), (x, t) ∈ × (0, T ) (1.5)
with (1.2)–(1.3) and q > 1. This problem comes from the chemical model of electrode
surface or catalytic membranes in reacting and diffusing bulk medium (see [2,22]).
In 1992, Chadam et al. [3] studied the Cauchy problem, the Neumann problem
and the Dirichlet problem of Eq. (1.5) with x∗(t) ≡ x∗. They obtained the blow-
up conditions for these problems. Moreover, they proved that total blow-up occurs
whenever a solution blows up, that is, S = RN for the Cauchy problem and S = ¯ for
the Neumann problem and the Dirichlet problem. Souplet [23,24] extended their results
to the case for the moving source x∗(t) under the Dirichlet condition and obtained the
precise proﬁles of total blow-up solutions.
We now restrict ourselves to the problem of the form
ut = u+ up + uq(x∗, t), (x, t) ∈ B(R)× (0, T ), (1.6)
u(x, t) = 0, (x, t) ∈ B(R)× (0, T ), (1.7)
u(x, 0) = u0(x), x ∈ B(R), (1.8)
where x∗ ∈ B(R) and p, q > 0, and consider the radially symmetric solutions of
(1.6)–(1.8).
In the previous paper [21], one of the authors studied the radially symmetric solutions
of the problem (1.6)–(1.8). They treated the special case x∗ = 0 and obtained the
“complete” classiﬁcation between total blow-up and single point blow-up in the next
sense;
Theorem A (Okada–Fukuda). Let x∗ = 0. Assume (A1) and (A2).
(i) If 0 < pq+1, then all blow-up solutions (maximal solutions) of (1.6)–(1.8) blow
up on the whole domain, namely, S = B(R).
(ii) Assume u0 ∈ C2(B(R)) and u0 + up0 + uq0(0)0. If p > q + 1 and q > 0, then
the blow-up solution (maximal solution) of (1.6)–(1.8) blows up only at the origin,
namely, S = {0}.
From Theorem A, we can say that p = q + 1 is the cut-off “straight line” between
single point blow-up occurs and does not occur.
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However, for the case x∗ 	= 0, Okada–Fukuda [21] obtained partial results on blow-up
phenomena. The following results were obtained:
(i) If 0 < p < q, q > 1, then there exists a blow-up solution (maximal solution) of
(1.6)–(1.8) which blows up on the whole domain, namely, S = B(R).
(ii) Assume u0 ∈ C2(B(R)) and u0 + up0 + uq0(0)0. If p > q + 1 and q > 0, then
the blow-up solution (maximal solution) of (1.6)–(1.8) blows up only at the origin,
namely, S = {0}.
The classiﬁcation of blow-up phenomena for the problem (1.1)–(1.3) with x∗ 	= 0
is an open problem. The questions are remained whether or not there exists a single
point blow-up solution if p < q and a total blow-up solution if q < p − 1. There is
no result for the case p − 1qp.
The main purpose of this paper is to give the answer for this problem. We have
obtained the complete results except the case 1 < p = q2, namely, we can classify
the behavior of solutions of (1.6)–(1.8) into the next three theorems.
Our results are as follows:
Theorem 1.1. Let x∗ 	= 0 and assume (A1) and (A2). If 0 < q < p (p > 1) or
p = q > 2, then all blow-up solutions (maximal solutions if q < 1) of (1.6)–(1.8) blow
up only at the origin, that is, S = {0}.
Theorem 1.2. Assume (A1), (A2) and 1 < p < q. Let x∗ 	= 0 and R′ ∈ (|x∗|, R).
(i) For any ε ∈ (0, 1), there exists a positive constant M = M(ε) > 0 such that if
u0(0)M and u0(R′) > εu0(0) then the solution of (1.6)–(1.8) blows up on the
whole domain, that is, S = B(R).
(ii) There exists an initial data u0 such that the solution of (1.6)–(1.8) blows up only
at the origin, that is, S = {0}.
(iii) There are no other blow-up phenomena except S = B(R) and S = {0}.
Remark 1.3. The assertion (iii) in Theorem 1.2 was proved by Bebernes et al. [1] (see
Proposition 1.9).
Remark 1.4. Let 0 be a ﬁxed function satisfying

0 ∈ C(B(R)), (x) = 0(r)0 (r = |x|),
0(R) = 0, 0(r) is non-increasing in r ∈ [0, R],
0(R′) > 0.
Taking u0(x) = 0(x) ( > 0), we can show that if  is large enough, u0(x) satisﬁes
the assumption in Theorem 1.2 (i). In fact, since 0(R′) > 0, there exists ε0 ∈ (0, 1)
such that 0(R′) > ε00(0). Hence for ﬁxed ε0 > 0, it holds u0(R′) > ε0u0(0) for all
 > 0 and we can choose  so large that u0(0) = 0(0)M(ε0).
We show the next theorem when  is a general domain and u0 is not necessarily
radially symmetric. We do not assume x∗ 	= 0. This theorem holds true for the cases
x∗ = 0 and x∗ 	= 0.
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Theorem 1.5. Assume (A1). If 0 < p1 < q, then all blow-up maximal solutions of
(1.1)–(1.3) blow up on the whole domain, that is, S = ¯.
Remark 1.6. For the case 0 < max(p, q)1, all maximal solutions of (1.1)–(1.3) exist
globally in time under the assumption (A1).
Remark 1.7. We consider the problem (1.6)–(1.8) under the condition (A1) and (A2).
If x∗ 	= 0, p = q is the cut-off straight line between total blow-up occurs and does not
occur. If x∗ = 0, p = q + 1 is the cut-off straight line between single point blow-up
occurs and does not occur (see Theorem A).
Remark 1.8. We can show the similar results as Theorems 1.1 and 1.2 for the quasi-
linear parabolic equation
ut = um + f (u)+ g(u(x∗(t), t)), (1.9)
(see [10]).
The following Propositions will be frequently used throughout this paper.
Proposition 1.9. Assume (A1) and (A2). Let u be a blow-up solution (maximal solu-
tion) of (1.6)–(1.8) with the blow-up time T. If
∫ T
0
uq(x∗, t) dt = ∞, (1.10)
then total blow-up occurs, namely, S = B(R).
If
∫ T
0
uq(x∗, t) dt <∞, (1.11)
then single point blow-up occurs, namely, S = {0}.
Remark 1.10. When  is a general domain, it holds true that (1.10) implies S = ¯.
Proposition 1.9 and Remark 1.10 were proved by Bebernes et al. (Theorem 4.1, p.
35 and Theorem 4.6, p. 40, [1]) (also see Theorem 4.1, p. 383, [24]). From Proposition
1.9, one can see that there are no other blow-up phenomena except S = B(R) and
S = {0}.
Proposition 1.11. Let u be a solution of (1.6)–(1.8). Let  ∈ (0, T ), D be a domain in
B(R) and G be a compact subset of D. Then, there exists a constant C = C(D,G) > 0
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such that, if
inf
x∈D u0(x)h (1.12)
for some h > 0, then
inf
x∈G u(x, t)Ch for t ∈ [0, T ). (1.13)
Proof. See Lemma 3.6 in [25]. 
Let D be a domain in B(R) with smooth boundary D and  be the eigenvalue
of − in D with zero Dirichlet boundary condition and s(x) the corresponding eigen
function satisfying ∫
D
s(x) dx = 1. (1.14)
Proposition 1.12. Let u be a solution of (1.6)–(1.8). Assume p > 1. For any ε > 0,
there exists h0 > 
1
p−1 such that if
inf
x∈D u0(x)h0 (1.15)
then T < ε.
Proposition 1.12 is familiar in the study of blow-up solutions. However, for the
convenience of readers, we give the Proof of Proposition 1.12.
Proof. Multiplying (1.6) by s(x) and integrating it over D, we have
d
dt
∫
D
u(x, t)s(x) dx − 
∫
D
u(x, t)s(x) dx +
∫
D
up(x, t)s(x) dx, (1.16)
where we use the integration by parts, −s = s and uq(x∗, t)0.
Putting a(t) = ∫
D
u(x, t)s(x) dx and using the Jensen inequality, we get the differ-
ential inequality from (1.16),
a′(t) − a(t)+ ap(t), (1.17)
which implies
t
∫ t
0
a′(t)
−a(t)+ ap(t) dt
∫ ∞
a(0)
d
−+ p (1.18)
if a(0) > 
1
p−1
.
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Assume (1.15) for some h0 > 
1
p−1 , then
a(0) =
∫
D
u0(x)s(x) dx inf
x∈D u0(x)h0. (1.19)
Since p > 1, for any ε > 0 we can choose h0(> 
1
p−1 ) so large that
∫ ∞
h0
d
−+ p < ε. (1.20)
From (1.18) and (1.20), we conclude T < ε. 
This paper is organized as follows. In Section 2, we give the proof of Theorem 1.1,
that is, we show the single point blow-up occurs when q < p and p > 1 or p = q > 2
and  is a ball. In Section 3, we prove Theorem 1.2. We treat the case 1 < p < q
and  is a ball and show that there exist only two blow-up phenomena depending on
the initial data, namely, total blow-up and single point blow-up. Section 4 is devoted
to the case p1 < q and  is a general domain. We therefore prove Theorem 1.5,
namely, all blow-up solutions of (1.1)–(1.3) blow up on the whole domain.
2. The case q < p (p > 1) or p = q > 2
Throughout this section, we assume (A1) and (A2). We consider the problem (1.6)–
(1.8) for the case q < p (p > 1) or p = q > 2. We shall prove Theorem 1.1. We note
that the problem (1.6)–(1.8) has a solution (maximal solution) u(x, t) = u(r, t) (r = |x|)
which is radially symmetric and has the property ur(r, t) < 0 in (0, R].
The method used in the proof is originally due to Fujita–Chen [8] and Chen [4],
and is similar to that of Okada–Fukuda [21].
Let 0 < R2 < a < R1 < |x∗| and  > 0. We put
(a; ) = {x = (x1, . . . , xN) ∈ RN : a < x1 < a + , 0 < xj < , (j = 2, . . . , N)}.
(2.1)
We choose  > 0 so small that (a; ) ⊂ B(R1) \ B(R2) and deﬁne, for the solution
(maximal solution) u of (1.6)–(1.8),
J (x, t) = 1u(x, t)+ (x)up′(x, t), (2.2)
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where 1 = x1 , 1 < p
′ < p if q < p (1 < p′ < p
2
if p = q > 2), and
(x) = ε sin (x1 − a)

N∏
k=2
sin
xk

, (2.3)
where ε > 0.
We begin by proving the following lemma.
Lemma 2.1. Let x∗ 	= 0. Assume (A1), (A2) and 0 < q < p (p > 1) or p = q > 2.
Let u be a solution of (1.6)–(1.8). Then there exists a constant M > 0 such that if
inf
(a;)×(,T ) u(x, t)M for some  ∈ [0, T ), the inequality
Jt − J −
(
pup−1 − 2p
′εNR1
R2
up
′−1
)
J 0 in (a; )× (, T ) (2.4)
holds for any ε ∈ (0, 1).
Proof. We ﬁrst assume q < p and p > 1. By a direct calculation, we have
Jt − J = 1(ut − u)+ p′up′−1(ut − u)− up′
− 2p′up′−1∇ · ∇u− p′(p′ − 1)up′−2|∇u|2
 pup−11u+ p′(up+p′−1 + up′−1uq(x∗, t))
+ 
2N
2
up
′ + 2p′up′−1|∇ · ∇u| (2.5)
in (a; )× (0, T ), where we use  = −
2N
2
.
Noting 1u = ur x1
r
< 0 in (a; ),∇u = ur x
r
and (a; ) ⊂ B(R1) \ B(R2), we
have
|∇u| = |ur | |x|
x1
(−1u) − R1
R2
1u (2.6)
and
|∇| εN

. (2.7)
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Using (2.6), (2.7) and 1u = J − up′ , we can see that
Jt − J −
(
pup−1 − 2p
′εNR1
R2
up
′−1
)
J
 − (x)
{
(p − p′)up+p′−1 − p′up′−1uq(x∗, t)− 2p
′εNR1
R2
u2p
′−1 − 
2N
2
up
′
}
 − (x)
{
(p − p′)up+p′−1 − p′up′+q−1 − 2p
′εNR1
R2
u2p
′−1 − 
2N
2
up
′
}
(2.8)
for (x, t) ∈ (a; )× (0, T ).
Assume inf
(a;)×(,T ) u(x, t)M for some M > 0. Since p+ p
′ − 1 > max(p′ + q −
1, 2p′ − 1, p′) and p > p′ > 1, we can choose M > 0 so large that
Jt − J −
(
pup−1 − 2p
′εNR1
R2
up
′−1
)
J 0 in (a; )× (, T ). (2.9)
For the case p = q > 2, we have, instead of (2.8),
Jt − J −
(
pup−1 − 2p
′εNR1
R2
up
′−1
)
J
 − (x)
{
(p − 2p′)up+p′−1 − 2p
′εNR1
R2
u2p
′−1 − 
2N
2
up
′
}
. (2.10)
Since p + p′ − 1 > max(2p′ − 1, p′) and p − 2p′ > 0, we can obtain (2.4). 
Proof of Theorem 1.1. Let u be a solution (maximal solution) of (1.6)–(1.8) with the
blow-up time T > 0. Assume to the contrary that there exists x0 	= 0 (|x0| < |x∗|)
such that x0 is a blow-up point of u, that is, x0 ∈ S.
Let
D = {x ∈ B(R) : 0 <  < |x| < |x0| − } (2.11)
for small  > 0.
Since x0 is a blow-up point and u(r, t) is monotone decreasing in r ∈ (, |x∗|),
D ⊂ S and there exists a sequence {tn} ⊂ (0, T ) such that
lim
n→∞ infx∈D u(x, tn) = ∞. (2.12)
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Hence, for any compact subset K ⊂ D
lim
t→T infx∈K u(x, t) = ∞, (2.13)
(see Lemma 4.3 in [4]).
Let  < a < |x0| −  and  > 0 be so small that (a; ) ⊂ D. By (2.13), we choose
 so close to T that
inf
(a;)×(,T ) u(x, t)M, (2.14)
where M is as in Lemma 2.1 with R1 = |x0| −  and R2 = . Therefore, (2.4) holds.
Since 1u(x, ) < 0 in (a; ), we can choose ε > 0 so small that
J (x, ) = 1u(x, )+ (x)up′(x, ) < 0 in (a; ). (2.15)
Noting (x) = 0 on (a; ), we have
J (x, t) = 1u(x, t) < 0 on (a; )× (, T ). (2.16)
An application of the maximum principle to J, knowing (2.4), (2.15) and (2.16),
yields
J (x, t) < 0 in (a; )× (, T ). (2.17)
We rewrite (2.17) into
−1u(x, t)
up
′
(x, t)
> (x) in (a; )× (, T ) (2.18)
and integrate both side of (2.18) by x1 over the interval (a, a+ ). For any t ∈ (, T ),
−
∫ u(a+,x′,t)
u(a,x′,t)
d
p′
>
∫ a+
a
(x) dx1, (2.19)
where x′ = (x2, . . . , xN) and 0 < xj <  (j = 2, . . . , N).
We have, by (2.19),
1
p′ − 1 u
−p′+1(a + , x′, t) > 2ε

N∏
k=2
sin
xk

> 0. (2.20)
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By (2.13), the left-hand side of (2.20) tends to zero as t ↗ T . This is a contradiction
and hence the point x = 0 is the only blow-up point. 
3. The case 1 < p < q
Throughout this section, we assume (A1) and (A2). We consider the problem (1.6)–
(1.8) for the case 1 < p < q. We shall prove Theorem 1.2. We ﬁrst show that solutions
of (1.6)–(1.8) blow up on the whole domain B(R) under the suitable conditions of u0.
The method used in the proof is similar to that of Okada–Fukuda [21] and we make
several improvement to their method.
Let |x∗| < R′ < R and denote E = B(R′). Let 	0 ∈ C(E¯) satisfy 	0(x) = 1 for
x ∈ B(|x∗|), 0 < 	0(x)1 for x ∈ E \B(|x∗|) and 	0(x) = 0 for x ∈ E. Let 	 be a
solution of the initial-boundary value problem of the linear heat equation
	t = 	, (x, t) ∈ E × (0,∞), (3.1)
	(x, t) = 0, (x, t) ∈ E × (0,∞), (3.2)
	(x, 0) = 	0(x), x ∈ E. (3.3)
We note that 0 < 	(x, t)1 in E × [0,∞).
We begin with the next lemma. Let u be a solution of (1.6)–(1.8) with the blow-up
time T < 1.
Lemma 3.1. Let x∗ 	= 0. Assume 1 < p < q. For any ε ∈ (0, 1), there exists a constant
M = M(ε) > 0 such that if u0(R′) > εu0(0) and u0(0)M , then the inequality
u(x, t)ε	(x, t)u(0, t) for (x, t) ∈ E × (0, T ) (3.4)
holds. Moreover, if T is a blow-up time of u, then E¯ ⊂ S.
Proof. Let ε ∈ (0, 1) and assume u0(R′) > εu0(0) and u0(0)M where M > 0 is
determined later.
We deﬁne
U(x, t) = u(x, t)− ε	(x, t)u(0, t) for (x, t) ∈ E × (0, T ). (3.5)
Since 0 < 	0(x)1 in E and u0(r) is non-increasing in r ∈ [0, R), we have
U(x, 0) = u0(x)− ε	(x, 0)u0(0)u0(R′)− εu0(0) > 0 for x ∈ E. (3.6)
By the continuity of U(x, t) and (3.6), there exists s ∈ (0, T ) such that U(x, t) > 0
for (x, t) ∈ E¯ × [0, s).
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Put
T1 = sup{s ∈ [0, T ) : U(x, t) > 0 in E¯ × [0, s)}. (3.7)
Clearly 0 < T1T . We will show T1 = T .
Assume to the contrary that T1 < T .
We compute
Ut − U = ut − u− ε	ut (0, t)
= up + uq(x∗, t)− ε	(u(0, t)+ up(0, t)+ uq(x∗, t))
 (1− ε	)uq(x∗, t)− ε	up(0, t), (3.8)
where we use the positivity of u and u(0, t)0.
Since x∗ ∈ E, we have
U(x∗, t)0 for t ∈ [0, T1],
that is,
u(x∗, t)ε	(x∗, t)u(0, t) for t ∈ [0, T1]. (3.9)
Combining (3.8) and (3.9) and using Proposition 1.11, we get
Ut − U  (1− ε	)εq	q(x∗, t)uq(0, t)− ε	(x, t)up(0, t)
 up(0, t){(1− ε)εq	q(x∗, t)uq−p(0, t)− ε}
 up(0, t)
{
(1− ε)ε2q−pCq−pMq−p inf
0<t<1
	q(x∗, t)− ε
}
,
(3.10)
where C = C(E,B(|x∗|)) is as in Proposition 1.11.
Since p < q, we can take M = M(ε) > 0 so large that the right-hand side of (3.10)
is positive. Then
Ut − U > 0 in E¯ × (0, T1]. (3.11)
On the other hand, by the deﬁnition of T1, there exists x1 ∈ E¯ such that U(x1, T1) =
0. Noting that x1 ∈ E since U(x, t) = u(x, t) > 0 on E× (0, T ), we see that U(x, t)
takes zero minimum value at (x1, T1), which implies
Ut(x1, T1)0 and U(x1, T1)0. (3.12)
These contradict to (3.11) and we get T1 = T , which implies (3.4). 
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Proof of Theorem 1.2(i). Let ε ∈ (0, 1). Assume u0(0)M and u0(R′)εu0(0). Let
u be a solution of (1.6)–(1.8) with the existence time T > 0. From Proposition 1.12.
we choose MM(ε) so large that T < 1 where M(ε) is as in Lemma 3.1. Using
Lemma 3.1, we have E¯ ⊂ S. Noting that there exist only two cases, total blow-up and
single point blow-up by Proposition 1.9, we conclude that the solution u of (1.6)–(1.8)
blows up on the whole domain, namely, S = B(R). 
We next show Theorem 1.2(ii), that is, the existence of single point blow-up solutions
for some initial data.
Let R1, R2, R3 ∈ (0, R) satisfy 0 < R3 < R2 < R1 < |x∗|. We denote R0 = R and
let hi(r) ∈ C2([0,∞)) (i = 1, 2, 3) satisfy that
hi(r) =
{
1 0rRi,
0 Ri−1r
(3.13)
and h′i (r) < 0 for Ri < r < Ri−1.
Deﬁne, for l, m1,
vl,m(x) = h1(r)+ lh2(r)+mh3(r) for x ∈ B(R), (3.14)
where r = |x|.
Let u be a solution of (1.6)–(1.8) with the initial data u0(x) = vl,m(x) and the
existence time T. We shall show u blows up only at the origin by choosing suitable l
and m.
The next lemma is an essential role to prove the existence of single point blow-up
solutions. The method of the proof of this lemma is similar to that of Fujita–Chen [8]
and Chen [4].
Lemma 3.2. Let x∗ 	= 0. Assume p > 1. For any K > 1, there exists a constant
l0 = l0(K) (independent of m) such that the following holds; For any l l0, there exists
M = M(K, l) > 0 (independent of m) such that if
u(x∗, t)K for 0 t < T ′ (T ) (3.15)
then
u(x, t)M on |x| = R1 and 0 t < T ′. (3.16)
Moreover, if T ′ = T <∞, then the solution u blows up only at the origin.
Proof. We take (
; ) and (x) as in Lemma 2.1 where 
 = (R1+R2)/2. We choose
 > 0 so small that (
; ) ⊂ B(R1) \ B(R2).
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Let l l0 and u be a solution of (1.6)–(1.8) with initial data u0(x) = vl,m(x) and
we again deﬁne
J (x, t) = 1u(x, t)+ (x)up′(x, t), (3.17)
where 1 < p′ < p.
Assume
u(x∗, t)K for 0 tT ′ (3.18)
for some K > 0 and T ′T .
By the same manner as in Lemma 2.1, we obtain, using (3.18),
Jt − J −
{
pup−1 − 2p
′εNR1
R2
up
′−1
}
J
 − (x)
{
(p − p′)up+p′−1 − p′Kqup′−1 − 2p
′εNR1
R2
u2p
′−1 − 
2N
2
up
′
}
(3.19)
for (x, t) ∈ (
; )× [0, T ′).
Note that p > p′ and u0(x) = 1 + lh2(r) in B(R1) \ B(R2). By Proposition 1.11,
we can choose l0 > 1 independent of m and ε ∈ (0, 1) such that
Jt − J −
{
pup−1 − 2p
′εNR1
R2
up
′−1
}
J < 0 in (
; )× (0, T ′) (3.20)
holds for any l l0.
Let l l0 be ﬁxed. Noting h′2(r) < 0 in (
; ), we can choose ε = ε(l) > 0
(independent of m) so small that
J (x, 0) = 1u0(x)+ (x)up
′
0 (x)
= lh′2(r)
x1
r
+ (x)(1+ lh2(r))p′
 lh′2(r)
R2
R1
+ (x)(1+ l)p′ < 0 in (
; ). (3.21)
Since (x) = 0 on (
; ), we have
J (x, t) = 1u(x, t) = ur x1
r
< 0 on (
; )× (0, T ′). (3.22)
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By the maximum principle, (3.20)–(3.22) yield
J (x, t) < 0 in (
; )× (0, T ′), (3.23)
that is,
− 1
up
′
(x, t)
1u(x, t) > (x). (3.24)
Integrating (3.24) by x1 over the interval (
, 
+ ), we obtain
1
p′ − 1u
−p′+1(
+ , x′, t)− 1
p′ − 1u
−p′+1(
, x′, t) > 2ε

N∏
k=2
sin


xk (3.25)
in (0, T ′), where x′ = (x2, . . . , xN) and 0 < xj <  (j = 2, . . . , N).
Taking x′ =
( 
2
, . . . ,

2
)
in (3.25), we have
u(x, t)u
(

+ , 
2
, . . . ,

2
, t
)
<
(
2ε(p′ − 1)

)− 1
p′−1 ≡ M (3.26)
on |x| = R1 and t ∈ (0, T ′).
If T ′ = T < ∞, we can easily prove that the solution of (1.6)–(1.8) with u0(x) =
vl,m(x) blows up only at the origin by the similar method as in Theorem 1.1. 
Let l0 = l0(K) be as in Lemma 3.2 for K = h1(x∗)+2. Using Proposition 1.12 and
Lemma 3.2, we show that T <∞ and u(x∗, t)K for t ∈ (0, T ) where l = l0 and m
is large enough. From this fact, we conclude that u(x, t) blows up only at the origin.
For the aim we need the following lemma.
Let M = M(K, l0) > 0 be as in Lemma 3.2 where K = h1(x∗) + 2. We deﬁne
w0(x) = w0(r) ∈ C([R1, R]) (r = |x|) which is a radially symmetric function as
follows:
w0(r)


= M + 1 on r = R1,
h1(r)+ 1 in R1 < r < |x∗|,
= h1(r)+ 1 in |x∗|rR.
(3.27)
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We consider the initial-boundary value problem of the form
wt = w + wp + wq(x∗, t), (x, t) ∈ {B(R) \ B(R1)} × (0, T ), (3.28)
w(x, t) = M + 1, (x, t) ∈ B(R1)× (0, T ), (3.29)
w(x, t) = 1, (x, t) ∈ B(R)× (0, T ), (3.30)
w(x, 0) = w0(x), x ∈ B(R) \ B(R1). (3.31)
We can easily show the following lemma.
Lemma 3.3. There exists a unique solution w of (3.28)–(3.31) in {B(R) \ B(R1)} ×
(0, Tw) for some Tw > 0 such that
w(x∗, t)h1(x∗)+ 32 for t ∈ (0, Tw). (3.32)
Proof of Theorem 1.2(ii). For l0 = l0(K) where K = h1(x∗) + 2, we again consider
the solution u of (1.6)–(1.8) with initial data u0(x) = vl0,m(x) and the existence time
T > 0. By Proposition 1.12, we can choose m > 1 so large that T < Tw.
We will show that
u(x∗, t) < K(= h1(x∗)+ 2) for t ∈ (0, T ). (3.33)
Assume to the contrary that (3.33) does not hold. Then, there exists a T ′′ ∈ (0, T )
such that
u(x∗, t) < K for 0 t < T ′′ (3.34)
and
u(x∗, T ′′) = K. (3.35)
By Lemma 3.2, (3.34) implies that
u(x, t)M on |x| = R1 and 0 t < T ′′ (3.36)
where M = M(K, l0).
Since u(x, t)w(x, t) on the parabolic boundary of {B(R)\B(R1)}× (0, T ′′), using
the comparison theorem, we obtain u(x, t)w(x, t) in {B(R) \ B(R1)} × (0, T ′′).
From these facts, it holds that
u(x∗, t)w(x∗, t)h1(x∗)+ 32 (3.37)
for 0 t < T ′′ since x∗ ∈ B(R) \ B(R1) and T ′′ < T < Tw.
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By the continuity of u, we have from (3.37)
u(x∗, T ′′)h1(x∗)+ 32 < K, (3.38)
which contradict to (3.35). Thus (3.33) holds for 0 t < T .
We obtain that u(x∗, t) is bounded in (0, T ), from which the solution of (1.6)–(1.8)
with u0(x) = vl0,m(x) blows up only at the origin by Lemma 3.2. 
Proof of Theorem 1.2(iii). This is the same assertion as in Proposition 1.9. 
4. The case 0 < p1, q > 1
We will prove Theorem 1.5.
Let g(t) ∈ C([0,∞)) satisfy g(t)0. We now consider the problem
ut = u+ up + g(t), (x, t) ∈ × (0, T ), (4.1)
u(x, t) = 0, (x, t) ∈ × (0, T ), (4.2)
u(x, 0) = u0(x), x ∈ , (4.3)
where  is a bounded domain in RN with smooth boundary . We have the following.
Lemma 4.1. Assume (A1) and 0 < p1. If a maximal solution u of (4.1)–(4.3) blows
up at the blow-up time T, then
∫ T
0
g(t) dt = ∞. (4.4)
Proof. Let u be a maximal solution of (4.1)–(4.3) which blows up at T. Assume to the
contrary that
∫ T
0
g(t) dtC <∞.
Since upu+ 1 , we have
utu+ u+ g(t)+ 1. (4.5)
Deﬁne
v(t) =
∫ t
0
e−(s−t)(g(s)+ 1) ds + etv0, (4.6)
where v0 is a constant which satisﬁes v0‖u0(·)‖∞ + 1.
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Since v(t) satisﬁes
{
vt = v + v + g(t)+ 1, t ∈ [0,∞),
v(0) = v0u0(x)+ 1, x ∈ ,
we have, by the comparison theorem,
u(x, t)v(t) for (x, t) ∈ × [0, T ). (4.7)
On the other hand, we have
v(T )eT
{∫ T
0
g(t) dt + T + v0
}
<∞. (4.8)
The inequalities (4.7) and (4.8) contradict to the fact that lim
t→T ‖u(·, t)‖∞ = ∞. There-
fore we obtain (4.4). 
Proof of Theorem 1.5. Combining Lemma 4.1 with g(t) = uq(x∗, t) and Proposition
1.9, we can easily prove Theorem 1.5. 
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